1) The problem of constructing a convenient ser of axioms for the /S-matrix directly in terms of the scattering variables and without recourse to conventional field theory is still receiving wide attention by theoretiticians in recent years. The ingredients which go into these attempts are well-known. There is relativistic invariance, unitarity, and finally some degree of analyticity. The hope is that by combining them according to some recipe one obtains the *S-matrix. The trouble with this program is that really no one seems to know how to combine the ingredients in the proper order; moreover there is wide disagreement as to what analyticity really means. It is on this last point that I wish to concentrate the discussion. Obviously Lorentz invariance and unitarity have quite an ambiguous meaning. Every attempt toward 5-matrix theory usually starts with the rather ambitious goal of doing away with conventional field theory. The basic philosophy is opposite to that of constructive field theory whose remarkable progress in recent years has overshadowed any alternative approach.
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My personal belief however, is that the possibility of different approaches originates from a basic inadequacy of the theory and that ultimately field theory and ^-matrix theory will be unified. Secondly the constructive approach is still facing tremendous difficulties and is still far removed from any physical application; but basically I feel that committing ourselves to any particular philosophy at this early stage is an essentially unsound strategy.
2) Analyticity statements usually follow from causality through the well-oiled machinery of dispersion relations. However this limited kind of analyticity is usually unsatisfactory to the 5-matrix physicist. For two basic reasons. 1) It bears the clear imprint of the original sin of field theory. 2) It is too limited and it remains meaningful really only at the lowet thresholds. In order to obviate these shortcomings one looks at individual contributions of Feynman relativistic amplitudes (FRA) in the conventional perturbative approach. Here the scattering amplitude appears as the sum of infinitely many FRA of increasing complexity.
Each FRA in principle can be completely investigated.
There is no reason however, for the ^-matrix to be the sum of the FRA and in fact, this is likely not the case. The basic assumption is however that the FRA represents the local behaviour of the amplitude and that the whole picture can be recovered by gluing together all these local behaviours. Each FRA is a multivalued analytic function of the relevant variables whose branching locus is in general an extremely complicated reducible algebraic variety. Luckily the set of singularities is very well defined by the Landau rules. By introducing two scattering amplitudes into the unitarity relation we see that if each of the factors has a given singularity locus then the resulting amplitude must be singular on a variety defined by some algebraic reduction procedure from those of the factors. In other words unitarity tells us that given a Landau variety we can form a third one through unitarity. The set of all singularities must be closed under this composition rule. One sees quickly that starting from the simplest polar singularities at the lowest perturbative orders the set is indefinitely enlarged and includes eventually all Landau singularities of every permissible FRA. This set is probably denumerably infinite and the algebraic degree of the variety grows exponentially with the perturbative order.
At this point one needs to gain some control on these proliferating singularities. The main tool is the pleasant discovery that the physical amplitude is singular only on a very limited real subset of the whole variety (the so-called alpha positive part) and that this subset has rather nice support properties. In fact, by increasing the order of the FRA the subset tends to move away into high energy regions. The drawback is, of course, the lack of direct physical interpretation of the amplitudes and the still unsolved problem of formalizing unitarity in the complex domain.
3) The non-Landau singularities. A common difficulty lying ahead in both the complex and real analytic approach is however the occurrence of non-Landau singularities. As we have stated the set of all Landau singularities is actually infinite. We cannot exclude that it may be everywhere dense in the complex domain or perhaps even in the real domain.
The study of individual FRA has shown that there are other singularity loci which were not included in the original Landau treatment and do not seem to have a simple physical meaning. These singularities are perhaps best understood by looking at unitarity relations. Generally the cycle of integration in a unitarity integral is compact. It may happen however that for particular values of the physical variable the cycle becomes non-compact and that a "pinch" occurs at infinity with the appearance of a new singularity. In a FRA this is not a disaster for the resuting singularity is tractable with the same techniques as for the standard ones, the relevant exception being the non-validity of the Cutkosky rules. In a 5-matrix theory the points at infinity are really the accumulation of an indefinite sequence of ordinary singularities, all of which are "pinched" with the integration cycle thus producing an infinite set of Landau singularities accumulating around the non-Landau one. In fact a non-Landau singularity is just the accumulation of infinitely many ordinary ones. The process can be repeated and iterated and the resulting structure becomes hopelessly complicated. A non-Landau locus is then, by abuse of language, just as far away as infinity. In a FRA they appear simpler because all accumulating Landau singularities are collapsed into a single locus. In a way in this case the non-Landau locus is simply a way to describe the effect of all the singularities of the other graphs.
I feel that this basic difficulty will appear in both approaches. 4) A more basic question concerns the meaning and the kind of information one hopes to extract from an *S-matrix theory. In the ideal case one would like to estabilish a set of axioms which uniquely characterize the scattering amplitudes and stable states of the theory.
In all applications of the theory however, the most significant results have correlated the amplitudes for relatively simple scattering processes to the masses of a few elementary particles. Is the theory supposed to give, it its final form, also the masses of all particles and not simply to correlate them to other interesting predictions? In other words, are there infinitely many parameters left into the theoretical frame, "which need to be specified before we attempt comparison with experiment? In the early views of Chew this was not the case but it may happen that a physical theory merely predicts a manifold of possible physical worlds, and that the one we live in is chosen because it is the only one allowing biochemistry.
In this view the theory would merely provide us with a set of relations between masses, phase shifts, binding energies and the like without specifying all of them. Further axioms, not germane to conventional jS-matrix theory, would be needed in order to establish uniqueness of the predictions.
5) The construction of an ^-matrix is enormously complicated by the multi-sheeted structure of the amplitudes and by the intricated nature of the singular set. In the PRSW approach the main hope was that the singular set and the monodromy group could be calculated directly from the FRA and that a convenient generalization of Hibert 21st problem would provide the natural frame for an axiomatic approach to the Smatrix.
The program has faced the following, still unresolved difficulties.
A) The singular locus, the fundamental group of its complement and the monodromy group can be calculated only for very restricted It has to be noted however, that the fundamental group is just a very neat and convenient way to classify all Riemann sheets of multivalued function and that will appear in a natural way whenever this task is attempted. In particular, even the real analytic approach will have to face the need for a systematic treatment of the multi-sheeted structure of the amplitudes and will encounter the fundamental group in a more or less disguised form. Also, quite remarkably, although the analysis in PRSW was ostensibly done in the complex domain, the results really c) All A g are linear combinations, with constant coefficients /t$( (7) of a basic set of amplitudes A t within U:
(1) A By acting with an element of TTi on AI we find therefore that
The matrix Ai(90 is readily seen to provide a linear representation of 7T ? which is by definition the monodromy group G.
The general results in this field imply that if G is given then A is specified only as follows: From the brilliant analysis of the Japanese school the MOS for a given FRA is essentially known from the topology of the graph. The MOS pseudo differential operator however, corresponds roughly to the leading order of the conventional complex differential equations and we have no equally powerful algorithm for the constriction of the complete system. This is the main reason why in PRSW the effort was directed toward the construction of the monodromy group which appears to be more tractable. Clearly the differential equation plus boundary conditions in the form of N constants given at P determines completely the solution and therefore a specific amplitude. Differential equations on one side and monodromy group plus growth conditions on the other contain the same information packed in a radically different way and the connection between the two should be further elucidated before any attempts on the ^-matrix are carried out in this fashion. 7) A last difficulty arises from the presence of infinitely many Landau singularities. This difficulty is common to all approaches. Using Sato conjecture one has to consider pseudodifferential operators of infinite order. This is not a novelty in the theory. What is a novelty is perhaps the occurrence of second kind singularities with associated accumulation of conventional Landau singularities which will require an ad hoc supplementary analysis.
Perhaps the best strategy is to give up entirely the idea of defining 5-matrix amplitudes globally with a single equation of a single integral. The axiomatic field theory of Haag and Araki tries to reach a definition of the complete algebra of observables by nesting together local C* algebras defined on open sets of space-time in a manner consistent with invariance and causality. Similarly either MOS or (in the complex) monodromy groups and associated structures should be defined only on selected classes of subsets in momentum space which are then glued together with appropriate axioms of identification. In this sense one has a set of privileged subsets of the space of scattering variables for which the monodromy The difficult part is to create an algorithm out of this definition.
The intersection of compact sets is itself compact but the union is not necessarily so and this limits greatly the usefulness of the definition.
Finally, there is always the last hurdle on how to treat unitarity efficiently in terms of these linear structures. In spite of the tremendous difficulties lying ahead I fell confident that the ^-matrix theory is far from dead and that much is to be learned from the new mathematical methods and in turn much new interesting mathematics will be created by attempting to formalize it.
